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Abstract
Optomechanical thermometry is a precise and reference-free method
to measure absolute temperature. While pumping high optical power is
needed to overcome noise and reduce the integration time, there is actu-
ally an upper limit to the useful optical power regardless of all other non-
ideal effects. Side-band inequivalence is a nonlinear effect obtained by
higher-order operator algebra in quantum optomechanics and equivalent
experiments, which causes asymmetric frequency shifts in side-bands and
also an additional difference in their population. This chapter discusses
previously unnoticed nonlinear effects arising from side-band inequiva-
lence in optomechanical and Raman thermometry, which determines an
upper bound in available optical power for temperature readout.
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1. Introduction
Optomechanics [1–3] is a rapidly growing field in modern quantum optics,
which has been constantly challenging the ultimate fabrication methods, and
pushing the experimental boundaries and theoretical techniques forward in
quantum noise to the extremes. Nonlinearity is an essence of optomechanical
interactions, where radiation pressure of electromagnetic field with frequency ω
acting upon a vibrating reflective mirror with frequency Ω creates a combination
of nonlinear action of vibrating mirror upon light, and nonlinear backaction of
optical field upon mechanical motion. As a result, the reflected scattered light
from optomechanical cavity will contain frequency shifted components, which
can be assumed to be placed approximately at mechanical frequency harmon-
ics of the input electromagnetic light. Hence, the output spectrum will contain
multiple peaks in pairs, which are placed almost symmetrically around the cen-
tral peak as ω ± jΩ. The two closest ones to the center with j = 1 form the
first-order pair of side-bands with approximate frequencies ω ± Ω.
This particular kind of nonlinear interaction is not unique to optomechan-
ics, and is also found in other equivalent experimental configurations with very
different setups. These include superconducting electromechanics, ion traps,
Paul traps, electrooptic modulators, acoustooptic modulators, Brillouin scatter-
ing, and Raman scattering. Among these, the last two must contain summations
over phonon spectra, and could be a lot more complex in their most accurate
description, however, for a given pair of side-bands normally approximation
with one single phonon mode is quite sufficient. Ion and Paul traps operate at
very low frequencies, typically on the order of few 100kHz, superconductive
electromechanics work in the range of 1 − 10MHz, optomechanical cavities
depending on the design could operate anywhere between 10MHz up to a few
10GHz, Brillouin scattering is mostly noticeable at similar frequency range of
1 − 10GHz, electrooptic and acoustooptic modulators allow bandwidths up to
a few 10GHz, and Raman scattering occurs noticeably at optical frequencies in
the much higher frequency range of 1− 10THz. Hence, various experimentally
observable versions of optomechanics cover a rather wide range of electromag-
netic spectrum, and as a matter of fact, they all share almost identical behavior.
Since the governing equations are in general nonlinear, it is common to
study the behavior of optomechanical systems in the fully linearized approxi-
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mation, where random fluctuations are treated as if they had to be infinitesimal.
This is quite a good approximation for the case of many experimental obser-
vations. But it also turns out to be insufficient when nonlinear interactions are
taken into account and properly analyzed. For instance, second- and higher-
order side-bands with j ≥ 2 cannot be explained without nonlinearity, which
can be well observed in experiments. Beyond the linear approximation, there
are still nonlinear effects which remain a matter of speculation and can be easily
mistaken with bistability (only for cavity optomechanics), dynamical instability,
or other non-ideal effects if not appropriately taken into account.
The most prominent example of nonlinear effects is side-band inequivalence
[4], which explains that every pair of side-bands are not exactly centered at
ω ± jΩ, and there is actually a slight frequency difference. Furthermore, with-
out considering the quantum occupancy effects and different scattering rates,
the amplitudes of red and blue side-bands are not equal and also a bit different.
This difference under stead-state thermal equilibrium is explained by different
occupation of the side-bands due to Bose-Einstein statistics and minuscule dif-
ference in scattering rates unto the side-bands. This asymmetry can be used
to recover temperature rather accurately using a heterodyne measurement and
without reference through measurement of optical spectrum [3, 5–9]. Both op-
tomechanical and Raman setups can be employed to measure temperature this
way, however, quantum optomechanics normally gives more precise results and
clean measurements.
The measurement accuracy of optical spectrum depends on a few factors,
and that also includes the integration time. Having a large enough signal-to-
noise ratio needs long measurements as well as high optical powers. In general,
pumping more power gives cleaner and more visible side-bands, leading to bet-
ter readouts. However, it turns out through nonlinear analysis that this is not
the whole story. Once the nonlinear effects kick in, the accuracy of temperature
readout becomes questionable and this is not due to optical losses which warm
up the cavity, or other nonideal effects. It is because of side-band inequivalence.
Side-band inequivalence not only shifts both of the side-bands towards red,
but also, it causes an extra overpopulation of the red side-band more than what
is allowed by Bose-Einstein statistics. This nonlinearity is completely differ-
ent in nature from quantum mechanical statistics, which supposedly determine
the amplitudes or populations of side-bands. Furthermore, it is independent
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of temperature and when the side-band inequivalence gets large enough, the
thermometry is no longer possible, since quantum mechanical effects shall be
dominated by classical nonlinearity. Therefore, there exists an upper bound to
the practically available optical pump power due to purely nonlinear effects, be-
yond which optomechanical or Raman thermometry without consideration of
nonlinear effects is impossible.
This is a truly remarkable and very counter-intuitive conclusion that in prin-
ciple quantum mechanical phenomena could be influenced and even completely
masked off by nonlinearity.
2. Side-band Inequivalence
Referring to the lower-frequency side-band as Stokes or red close to ω − jΩ,
and the higher-frequency side-band as anti-Stokes or blue close to ω + jΩ, the
accurate frequency shifts of side-bands from pump ω with proper redefinition
of signs for frequency shifts are
∆r = ∆+Ω+
1
2
δ, (1)
for the red side-band and
∆b = ∆−Ω+ 1
2
δ, (2)
for the blue side-band, where ∆ = ωc − ω is frequency detuning from cav-
ity resonance ωc. Following this particular notation of red and blue detunings
respectively in (1) and (2), the red detuning ∆r is mostly positive while blue
detuning ∆b is mostly negative.
Additionally, δ is the side-band inequivalence [4, 10] and represents a non-
linear symmetry breaking. We furthermore may define normalized dimension-
less side-band inequivalence as
δ¯ =
δ
Ω
, (3)
which can be also explained in percentage as δ¯(%) = δ¯ × 100% more conve-
niently. Under normal operating conditions, which is the case for Raman and
optomechanical thermometry experiments, side-band inequivalence is always
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positive and δ¯ > 0 holds. This implies that the frequency asymmetry resulting
from side-band inequivalence occurs in such a way that both side-bands tend to
move towards red.
Side-band inequivalence would be much easier to resolve experimentally if
δ¯ >
β
Ω
, (4)
holds, where β is the measured linewidth of side-bands, related to Γ and κ
respectively being the mechanical and optical decay rates. For resolved side-
band cavities β ≈ Γ. We refer to (4) as the condition of visibility. Side-band
inequivalence can be still observed if (4) is not satisfied, but under cases where
this condition is met, then side-band inequivalence is unmistakably large and
quite visible.
For side-band resolved cavities where κ < Ω, it happens mostly that the
approximation β ≈ Γ is a good one, since κ >> Γ. Eventually for the much
less frequent and so-called case of reverse dissipation regime, Γ could exceed
κ. In case of Doppler cavities with κ > Ω, either side-bands essentially do not
form or are too small to be distinguishable from background noise, and therefore
(4) is irrelevant.
Interestingly, besides numerous experimental evidence presented in the
preceding article [4] and its supplementary information, side-band inequiva-
lence in frequency is clearly seen in the heterodyne thermometry measurement
[5], where red and blue detuning frequencies are easily measureable to yield
∆r = 3.633GHz ± 10.4kHz and ∆b = −3.623GHz ± 10.4kHz. These num-
bers are equivalent to a side-band inequivalence of δ = 10MHz ± 20.8kHz or
δ¯ = 0.27%. At the same time, the mechanical linewidth is Γ = 396kHz close
to the measureable linewidth of side-bands which is β ≈ 0.410MHz, and hence
the condition of visibility is also by far satisfied.
2.1. Nonlinear Frequency Asymmetry
A full nonlinear analysis of side-band inequivalence [4, 10] has been carried out
in a recent study, showing that δ¯ can be well approximated as
δ¯ ≈ 2Γ
2 + 8g2
γ2 + 4Ω2
[
1− 2 ( g
Ω
)2]2 , (5)
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in which γ = κ + Γ and g is the enhanced optomechanical interaction rate,
expressed as
g = g0
√
n¯. (6)
Here, g0 is the single-photon optomechanical interaction rate and n¯ is the intra-
cavity photon number, determined by optical pump power. Relationship (5) is a
good approximation if value of g/Ω is not close to 1/
√
2. For g << Ω in weak
coupling limit and a side-band resolved cavity (5) behaves as
δ¯ ≈ 2g
2
Ω2
=
2g20
Ω2
n¯. (7)
For g > Ω corresponding to the strong coupling limit and a side-band resolved
cavity (5) becomes
δ¯ ≈ Ω
2
2g2
=
Ω2
2g20
1
n¯
. (8)
When the system is sufficiently away from optical bistability, one may use
the approximation
α ≈
√
ηκPop
~ω
, (9)
for the incident photon flux α with η being the external coupling efficiency
normally on the order of 0.1 and Pop is the optical pump power. Knowledge
of the incident photon flux α will determine the intracavity photon number n¯
through solution of the third-degree equation
α2 = n¯

κ2
4
+
(
2g20Ω
Ω2 + 1
4
Γ2
n¯+∆
)2 , (10)
which has exactly one real positive root for n¯ if ∆ ≥ 0. It is not difficult to
identify a critical blue detuning ∆B < 0 through solution of another third-
degree polynomial equation as the onset of bistability for all ∆ < ∆B .
Hence, it is to be noticed that δ¯ in (5) is actually a strongly varying function
of optical power, with which it exhibits a resonant behavior when g = Ω/
√
2, or
n¯ = Ω2/2g20 . This condition is not actually quite straightforward to satisfy since
Nonlinear limits to Optomechanical thermometry 7
bistability also starts to show up near the same pumping level, unless pump is
red-detuned with∆ ≥ 0which is the sufficient, and not necessary, condition for
its absence.
For the moment being, let us assume that mechanical quality factor is large
Ω >> Γ and move forward with the case of resonant pump ∆ = 0, which
furthermore eliminate the optical spring effect, too. This will transform (9) and
(10) into
n¯
(
κ2
4
+
4g40
Ω2
n¯2
)
=
ηκPop
~ω
. (11)
There will be two limiting cases for weak and strong pump with the solutions
obtained after a bit of effort as
n¯ ≈
{
4η
~ωκ
Pop, Pop << A2κ~ω/η,
3
√
AηΩ
~ωg2
0
3
√
Pop, Pop >> A4κ~ω/η, (12)
where A = Ωκ/4g20 needs to obviously satisfy A > 1 for (12) to make sense.
Now, plugging in (12) in (7) and (8) respectively gives
δ¯ ≈ 8g
2
0η
~ωκΩ2
Pop, (13)
for the weak coupling limit and
δ¯ ≈ 3
√
~ωΩ4
2ηg20κ
1
3
√
Pop
, (14)
for the strong coupling limit. Therefore, the side-band inequivalence initially
increases proportionally to optical power as δ¯ ∝ Pop before starting to fade out
at much higher optical power levels as δ¯ ∝ 1/ 3√Pop.
2.2. Nonlinear Amplitude Asymmetry
The nonlinear asymmetry of side-bands, or side-band inequivalence, does not
end up with only the frequency asymmetry. It has been shown that side-band
inequivalence causes additional asymmetry in the population of side-bands as
well. This is very surprising result, since side-band inequivalence actually has
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two different and related behavior. Both asymmetries in frequencies and ampli-
tudes lean towards red side-band.
Extensive calculations using higher-order operators [10] lead to the compact
result [4]
n¯r − n¯b ≈ n¯δ¯. (15)
Here, n¯r and n¯b respectively correspond to the population of photons in the
first red and blue side-bands. This quantity is directly measureable by recording
the spectral noise density at each of the side-bands, while assigning 1
2
to the
shot-noise level. Precision of this measurement can be improved by prolonged
observation of side-bands through multiple trace records of the spectral density
and making an average in the end.
Since we always have δ¯ > 0, then we always can expect n¯r > n¯b. In the
absence of frequency side-band inequivalence, (15) demands n¯r = n¯b unless we
take the quantum effects of Bose-Einstein statistics into account as well. This
will be explained in the next section.
For the moment being, let us examine and investigate the limiting cases of
(15) under weak and strong coupling limits. For the weak coupling limit from
(12) and (13) we get
n¯r − n¯b ≈
(
2η2
~2ω2A2κΩ
)
P 2op. (16)
This explains that in the weak coupling limit, there exists an amplitude asym-
metry between red and blue side-bands which must increase quadratically with
optical power as
∆n¯ ∝ P 2op. (17)
Here, we have defined∆n¯ = n¯r−n¯b. This is a rather important result. Later we
shall observe it being in strong contrast with the results of quantum mechanical
distributions.
Meanwhile, the strong coupling limit using (8) and (14) gives
∆n¯ ≈ Ω
2
2g20
. (18)
This value shall set an upper bound to the maximum expected amplitude asym-
metry because of nonlinear side-band inequivalence.
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3. Optomechanical Thermometry
Under thermal equilibrium, the illumination of an optomechanical cavity with
pumping light generates two side-bands. We proceed only with the first-order
side-bands and we may note that side-band inequivalence in frequency does not
change the frequency separation of side-bands because of (1) and (2). Hence,
the populations of red and blue side-bands at a finite absolute temperature T
then must obey [3, 5]
n¯b
n¯r
= exp
(
− ~Ω
kBT
)
, (19)
simply because of Bose-Einstein statistics, where kB is Boltzmann’s constant.
This equation is the basic relationship to optomechanical thermometry where
the populations of side-bands are measured first, and then by taking the log-
arithm of their ratio one may recover the absolute temperature T . Obviously,
the optomechanical cavity must be placed in thermal contact and heat exchange
with the sample to be observed. Additionally, thermal expansion and contrac-
tion contribute to small shifts in the mechanical frequency Ω, cavity resonance
ωc, and coupling ratio η, so that these effects also contribute to nonideal behav-
ior which are already well known.
3.1. Quantum Amplitude Asymmetry
At a fixed temperature where all non-ideal behavior can be ignored, we are
only left with the optical power Pop to play with. In the weak coupling regime
where linear approximation crudely applies, n¯b ∝ n¯ and n¯r ∝ n¯ hold to a high
accuracy, so that we may rewrite (19) as [4]
n¯r − n¯b ∝ n¯. (20)
Using (12) we may note that this results in
∆n¯ ∝ Pop. (21)
This implies that at very low optical powers, the amplitude asymmetry will be
linearly proportional to Pop. This is the hallmark of a quantum effect, which
dominates the side-band asymmetry and allows correct recovery of tempera-
ture. By increasing optical power, however, the side-band asymmetry shall be
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dominated by side-band inequiavalence in amplitude, which leads to a quadratic
proportionality to P 2op. Once this regime is reached, quantum thermometry will
be out of question. By continuing to increase the optical power, and in absence
of other non-ideal effects, one may expect that the asymmetry be saturated at
the constant level given by (18).
4. Nonlinear Limits
It is possible to obtain the cross-over value for optical power Pop at which the
transition from quantum to classical behavior takes place. This requires knowl-
edge of proportionality constants in (20). This is given first by taking note of
the spectra density of a heterodyne measurement as [3]
Shet(w) =
1
2
+ SRR(w) + SBB(w), (22)
with SRR(w) and SBB(w) respectively being the contributions of side-bands
on the red and blue sides to the spectrum, and 1
2
is the background shot noise
level. These are given as [3]
SRR(w) = ηΓ|Ceff (w +∆)|SQQ(w +∆), (23)
SBB(w) = ηΓ|Ceff (w −∆)|SQQ(w −∆),
with
SQQ(w > 0) = 2Γ|χ(w)|2 [mth + |Ceff(w)| + 1] , (24)
SQQ(w < 0) = 2Γ|χ(w)|2 [mth + |Ceff(w)|] ,
being the mechanical spectral density. Here, the mechanical response function
denoted by χ(w) is
χ(w) =
Ω
Ω2 − w2 − iwΓ . (25)
Also, the thermal phonon occupation number is given by
mth =
1
exp
(
~Ω
kBT
)
− 1
. (26)
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Furthermore, we have
Ceff(w) = C(
1− 2iw
κ
)2 , (27)
in which C = n¯C0 is the enhanced cooperativity and
C0 = 4g
2
0
κΓ
, (28)
represents the single-photon cooperativity.
The photon population in each of the side-bands can be found by evaluating
the spectral densities at their corresponding resonances. Hence, we have
n¯r = SRR(+Ω), (29)
n¯b = SBB(−Ω),
before considering the effect of side-band inequivalence in frequency. At reso-
nant drive with∆ = 0, we obtain from (23), (24), (25), and (27) the appropriate
expressions for the spectra of side-bands SRR(w) and SBB(w). These are
SRR(w) =
2CηΓ2κ2Ω2
(κ2 + 4w2)2
(mth + 1)(κ
2 + 4w2) + Cκ2
(Ω2 − w2)2 + w2Γ2 , (30)
SBB(w) =
2CηΓ2κ2Ω2
(κ2 + 4w2)2
mth(κ
2 + 4w2) + Cκ2
(Ω2 − w2)2 + w2Γ2 .
Hence, we get
SRR(+Ω) = 2Cηκ2 (mth + 1)(κ
2 + 4Ω2) + Cκ2
(κ2 + 4Ω2)2
, (31)
SBB(−Ω) = 2Cηκ2mth(κ
2 + 4Ω2) + Cκ2
(κ2 + 4Ω2)2
.
These equations can be corrected to take account for the side-band inequiva-
lence in frequencies on the red and blue side. Doing this will result
SRR(+Ω +
1
2
δ) ≈ SRR(Ω) + 1
2
δ
∂
∂Ω
SRR(Ω), (32)
SBB(−Ω+ 12δ) ≈ SBB(−Ω) +
1
2
δ
∂
∂(−Ω)SBB(−Ω),
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from which we may obtain the normalized amplitude difference
∆n¯ = n¯r − n¯b (33)
≈ 2C0ηκ
2
κ2 + 4Ω2
n¯+
1
2
δ
∂
∂Ω
[SRR(Ω)− SBB(Ω)]
=
2C0ηκ2
κ2 + 4Ω2
n¯− 16C0ηκ
2g20
(κ2 + 4Ω2)2
n¯2
=
8C0η2κ
~ω(κ2 + 4Ω2)
Pop − 256C0η
3g20
~2ω2(κ2 + 4Ω2)2
P 2op.
Here, by normalization of measured amplitudes assignment of 1
2
to the back-
ground shot noise is implied. This equation contains two terms, first of which
exhibits a linear dependence in amplitude asymmetry on optical power in agree-
ment with (21) due to mere quantum effects, as opposed to the quadratic one
(17) for classical nonlinearity coming from side-band inequivalence in ampli-
tude. The second term arising from side-band inequivalence in frequency is
however quadratic in optical power, and causes an apparent decrease in ∆n¯ at
high optical powers.
4.1. Quantum and Classical Asymmetries
It is possible to merge (16) and (33) to obtain a better estimate to the normalized
amplitude difference, giving rise to the polynomial expression
∆n¯ ≈
[
8C0η2κ
~ω(κ2 + 4Ω2)
]
Pop (34)
− 2η
2
~2ω2A2κΩ
[
128C0A2κΩηg20
(κ2 + 4Ω2)2
− 1
]
P 2op.
This will mark a cross-over critical optical power at which transition from quan-
tum to classical nonlinearity takes place. It is given by
Pcr =
4~ωC0κ2ΩA2
κ2 + 4Ω2
[
128C0A2κΩηg20
(κ2 + 4Ω2)2
− 1
]−1
(35)
=
~ωκ3Ω3
g20Γ(κ
2 + 4Ω2)
[
32κ2Ω3η
Γ(κ2 + 4Ω2)2
− 1
]−1
≈ ~ωκ(κ
2 + 4Ω2)
32ηg20
.
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For optical powers exceeding this limit with Pop > Pcr, classical nonlinear-
ity dominates the quantum effect. For optical powers at lower levels with
Pop < Pcr, quantum phenomena are still in effect. There are two terms within
the brackets contributing to the critical optical power with opposite signs, the
first of which comes from side-band inequivalence in frequency and the second
of which comes from side-band inequivalence in amplitude. Here, the contribu-
tion of the former is dominant for most electromechanical and optomechanical
setups, and causes decrease of∆n¯ at Pop > Pcr. For thermometry applications,
this in overall will cause underestimating temperature.
In equivalent terms, the critical intracavity photon number corresponding to
the cross-over shall be given by
n¯cr =
κ2 + 4Ω2
8g20
. (36)
Finally, (35) and (36) in the limit of side-band resolved cavity Ω > κ can be
approximated as
Pcr ≈ ~ωκΩ
2
8ηg20
. (37)
Similarly, we have
n¯cr ≈ Ω
2
2g20
. (38)
Taking the numbers for instance from [11] with Ω = 2pi × 5.33MHz, κ =
2pi× 118kHz, Γ = 2pi× 30Hz, g0 = 2pi× 60Hz, ωc = 2pi× 4.26GHz and η =
0.76. This will give rise to a critical intracavity photon number n¯cr = 3.94×109.
This corresponds to the incident optical power of only Pcr = 0.1µW, which is
well accessible experimentally. Even much larger values are possible in typical
superconducting electromechanic setups, where an excessively large number of
intracavity photons can be crunched into the cavity.
Just as a cross-check, referring to (12), the power threshold below which
n¯ ∝ Pop holds is too large 206mW, far above the values used in any op-
tomechanical or electromechanical experiment. Henceforth, the proportionality
n¯ ∝ Pop holds with high precision at resonant pump. Similar calculations for
typical optomechanical cavities using photonic crystal nanobeams [5, 12] gives
exceedingly large values which are not practically accessible.
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One should here notice that (38) no longer satisfies the condition g << Ω
required in (7), and this has to be taken care of in the original equation for
side-band inequivalence given in (5). Unfortunately, since (38) implies reso-
nant behavior in (5) with g/Ω ≈ 1/√2, then (5) is not a good approximation.
However, one may expect some further enhancement in the results and change
in the practical constraints.
Therefore, one alternative way to verify the effects arising from higher-order
nonlinearities is to pump an electromechanical cavity on resonance with various
optical powers, and observe the normalized amplitude difference on the red and
blue side-bands. This difference should increase linearly with optical power up
to a critical value, beyond which the linear increase will no longer hold. It is
furthermore, advantageous to measure the cross-correlation function [5] instead
of the normalized amplitude difference
5. Conclusions
We presented an overview of side-band inequivalence, which causes two asym-
metries in frequency and amplitude of side-bands. Both of these asymmetries
happen to lean towards red, and as nonlinear effects depend on input pump
power. While it seems that side-band inequivalence in frequency may have
some effect on optomechanical thermometry using a heterodyne measurement,
side-band inequivalence in amplitude causes a shift from linear to quadratic de-
pendence, which ultimately causes classical nonlinearity of side-band inequiva-
lence in amplitude to mask out and predominate the quantum asymmetry. These
may set a constraint on the useful optical power which can be pumped into
the cavity for precise thermometry. Furthermore, there appears to be a critical
power above which quantum asymmetry is dominated by classical nonlinearity.
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